
Laucecltt ( Tensor Products)

Tensor prod of vector spaces :

✓
,

W vector spaces ( over at

linear

✓ ④ W I
→ iii.Eea .

Construct V W as the span
of {vxowlvev,

wew}

mod the subspace spanned by

{ ( avi tbvz ) ④ w - ( ahh w ) tblvaxow ))
,

✓ ⑤ ( aw ,
tbwa ) - ( a ( Vt wi ) tblvxowz ) ) }

• e.g .

Em ④ In I ¢
Mh

• This is called the
"

algebraic
"

tensor

product  : V ④aight



Tensor prod of Hilbert Spaces :

-

• H
, K Hilbert spaces

• Define inner product on Hxoalgk :

{ Vi ④ Wi
,

Va ④ We )µ④µ = 4 Vi ,
✓ 2)

u
(4) Walk

• Hxoalgk
not  complete want

.

norm

induced by C- ,
-7 Hxok

• Define HOK to be the completion of

H algks iv. rut .
norm from inner prod .

TendofC*-algebra5
:

• A ,B E-  algebras

• Define *  - algebra structure on A④aigB

( a ⑤ b) ( c ④ d) =  ac ④ bd

Caob)
*  

= a
't

⑤ b
*



Goal : embed A ④ alg B as a *  - subalgebra

of BCH ) for some H
,

use norm on BIH ) .

Lemm BCH) ④ Blk ) ↳ BCH ④ K )

S④T(h④k ) = Sh ④ TK SE BCH)
TEBLK )

h⑤kEH⑤K

Let it : A → BIH )
,

n :B → Blk ) be

faithful non - degenerate representation

Get *  - hom :

A alg B -3 BCH ⑤ K )
U

a b -75cal ④ Mlb )

Define norm on A ⑤ algB by

Ht Ho = 1140711411 BCH k )

Define A ④ o B to be completion of

A ④ alg B w .

rut
.

H - Ho
.

" spatial tensor product
"



WARNING ! ! !

There can exist other E - norms on

A ④ dgB which give non - isomorphic

completions . e.g .

Uthman sup { Hells I It - Ho is actinon )
on A alg B

• Nuclear E - algebra

example :

° Male ) ④ A  = Mnla )

( Xii ) ④ a → ( Xija )

• Colt ) ⑤ A  E Colt , A)

f- ④ a 1-3 ( ttsfltla )

• A ⑤ HH )



Exterior Tensor Prod of Hilbert C
*

- modules
-

. A
,

B E - algebras

E a Hilbert A-  module

F a Hilbert B - module

Start with C- ④ algf . . .

This is a right (A④ugB) - module

( x ⑤ g) ( a ⑤ b) = xaxoyb

XEE
, y

C- F a C- A ,bEB

Inner product : IAxoaigb) -

valued

( Xi ④ Yi ,
xz ④ ya ) = ( x .

,
X  ↳ ④ ( Yi , Yale

a
A

A
B

Need to complete : Lent )

• Complete A④agB to A ④ B (spatial tensor prod)

• Norm on E ④ algf comes from inner prod

above .

• Axoalg B -
module structure extends to A ⑤ B

by continuity :

HxallfxopEHxllf@YeallAx0B.E
⑤ F is completion , anA  ⑤ B - module

.

Hilbert



EI E ④ A  EA

If H is a Hilbert space HA EH ④ AA①
a f . module

¢ -
module

Similar to Hilbert spaces get embedding :

j : L (E) ④ LIF ) → L ( E ⑤ F )
I exterior

If A -
- B -

- G
,

this is same embedding .

j (KCET ④ KEI ) = KLE ⑦ F )

⑦ an
⑤ Ex

, y
= Qu ×

,
✓ ⑤ y

( exercise )

If E -
- AA ,

F -
- BB

,

then this is

an embedding :

j : MIA ) ④ MIB ) -7 MLA ⑤ B)



Interior Tensor prod of Hilbert C '
- modules :

-

Same setup as exterior tensor prod

also given a *  - hour

4 : A  → LCF )

We 'll construct E④gF which will be

a Hilbert B - module ( not ( A ⑤ BI - module )

We can define left A .
module structure on F by :

a . y
1-1 olla) y

a c- A
, yet

Start with :

E ⑤ AF  =

E ④ ay
span { xa ④ y

- x ④ lofty }

this is a right B - module :

( xxoyy) b = x ⑤ ( yb )

have B -
valued inner prod :

{ Xi ④ Yi ,
Xs ④ ya ) = Ly , ,

Of ( L x . ,xs¥) Yz )
e



Check that :

If 2- = Xa ④ y
- X ⑤ local y then

G- ,
z ) = O

E④gF is completion of E ④ AF w . rt .

norm
induced by inner prod .

He GE Mor ( A
,

KLF ) ) F  is a Hilbert B - module

to : A  → MLKLFI) I LIF )

ollAIFdens-e.mewhat is Ha ④ of ? /
✓

( G ④ a) ④ y
I → E ⑤ dlaty

in

HA

HA ④ of  = HOF
. I


